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18 Abstract. It is well-known that spin-1 atoms haye SU(3) symmetry. In this

19 work, we develop the theory for spin-1 Bose-Einsteincondensate (BEC) based

20 on SU(3) Lie group and predict that any spin-lsatom, for instance, 8"Rb can

21 exist in either of two inequivalent fundamental ropresentations of SU(3). namcly
D(1,0) or D(0,1). Furthermore, the SU(3) theoretical treatment results in either

22 ferromagnetic or antiferromagnetic ground states,of the spin-1 BEC depending on

23 the sign of a1,1 —ao,0, where a1,1 and ao,0 aréthe scattering lengths corresponding

24 to D(1,1) and D(0,0) states. We also show that the eoherent spin mixing process

25 of spin-1 BEC is (.iue to only the collisions/between atoms in the D(1,0) and
D(0,1) representations.

26

27

28

29
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31

32 1. Introduction

33

34 Lie groups and Lie algebras, @nd their representation theories are widely used in

35 physics, and one of the best examples is the Bose-Einstein condensate (BEC) [1, 2, 3].

36 Indeed, symmetry properties are essential to the study of BEC being a boson with

37 spin-1 [4, 5, 6, 7, 8]. N

38 So far, the commonly acéepted theory of spin-1 BEC is based on SU(2) symmetry

39 properties of a spin-ls, Aecording 4o this theory, the ground state properties of spin-1

40 BEC are determined by the s-wave scattering lengths ag and as respectively for total

41 spin 0 and 2. If ag> as then the ground state of the BEC is ferromagnetic, otherwise,

42 it is antiferromagnetic[9, 10, 11, 12, 13]. These results are the direct consequence of

43 the SU(2) symmetric theory of the spin-1 BEC.

44 Interestingly; numerical values of ag and as are found to be very close to each

45 other for/®"Rh and 23Na in Refs [10, 14, 15]. Thus, these similar values of s-

46 wave scattering lengths imply that the total spin 0 and spin 2 may belong to one

47 irreducible ‘representation of SU(3). Motivated by this thought and the previous

48 studies [16, 17,18, 19], we develop the theory of spin-1 BEC using SU(3) — group of

49 all three by three unitary matrices with determinant 1.

50 Ityis commonplace knowledge that the spin-1 has the SU(3) symmetry whereas

51 spin-1/2"has SU(2) symmetry. For SU(2), its three generators (i.e. Pauli matrices)

52 are related with three components of a spin magnetic-dipole moment. For SU(3),

53 apsimilar situation can be easily observed, namely its eight generators correspond

54
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to three components of a spin magnetic-dipole moment and five components of an
electric-quadrupole moment. Therefore, it is obvious that the higher-order quadrupole
moments can be considered with the use of SU(3) symmetry of a spin-1. Moreover,
SU(3) symmetry allows us to consider electric-quadrupole moments in collisional
processes of spin-1 BEC.

Another point of view is that by using SU(3) symmetry, we weaken symmetry
restriction. Then, atom-atom collisional interaction Hamiltonian becomesy SU(3)
symmetric and as a result, no spin-dependent term exists in interaction Hamiltonian
which implies the BEC is magnetically inactive. However, we identify \two types
of atoms associated to two fundamental representations of SU(3)4 and then,the
Hamiltonian of collisional interactions between two types of atoms doées depend
on dipole-quadrupole moments. Due to this dipole-quadrupolesmoment-dependent
Hamiltonian, spin-1 BEC exhibits either ferromagnetic or antiferromagnetiesproperties
depending on interaction properties.

In this paper, we explore the SU(3) symmetry of spin-1"BEC and identify two
types of spin-1 atoms associated with different fundamentalrepresentations. Moreover,
a new SU(3) symmetric Hamiltonian of the interacting spin-1 BEG.is written, and its
ground state is analyzed. In addition, coherent spin mixing dynamics are discussed
by using Gross-Pitaevskii equations.

L

2. SU(3) symmetry of spin-1 atoms

In the absence of the external magnetic and electric fields, spin-1 atoms are SU(3)
symmetric. This means that three-dimensional spin space is isotropic i.e., there is no
preferred direction in the spin spaces. It is well known that SU(3) algebra can have
the Cartesian dipole-quadrupole basis,composed of 8 generators consisting of three
components of the spin magnetic-dipole ' mement and five components of the electric-
quadrupole moment [20]. Nouetheless, the group theoretical treatment of the problem
is more subtle since there are two fundamental irreducible representations D(1,0) and
D(0,1) [21]. For the irreduciblé’representation D(1,0), eight generators are given by

A ;[0 -1 0
So= —4mn1 |y 3,=—|1 0 -1],
V2Z\ 01 0 V2o 1 o
10 0
5.=10 0 0 (1)
00 -1

and
(jacy = {éwvéy}a (jzz = {éxa =§z}a Ljyz = {éyvéz}v

1

y 2 2 4 82 _ g2

Qu2—y20— Sy — Sy, 432 _p2 = 73(38z — S ), (2)
where#? = 82 + 87 + 52 and {} denotes anti-commutator. However, the generators
for /D(0, 1) are expressed in terms of the generators for the representation D(1,0) as
follows

Sz = —Saz, gy:Syu Sz = —Sgz,
ijy = quu (j;vz = —qzz, (jyz = Qyzu
(712—112 = Tqx2_y2, G322 _p2 = —(352_p2. (3)
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We use a bar to indicate the irreducible representation D(0,1) and use the lowercase
letters to indicate single-atomic operators while the uppercase letters for total
spin operators throughout this work. As long as there are two inequivalent
fundamental representations of SU(3), we claim that there are two types of spin-1
bosons that differ by the corresponding irreducible representations. Two operators,

(a) D(1,0) (b) D(0,1)
S

)

Figure 1. Two fundamental irreducible representations (a) D(1,0) (b) D(0,1
170)

in the S; and Q3,2_,.2 plane. Spin states are denoted by {e)1, ¥, ¥3} for D(
and {1, ¥2, 3} for D(0, 1).

namely S. and Q3z2—r2 out of 8 generators, commute with each other so that the
fundamental representations can be illustrated in thedS; and @s.2_ = plane (see Fig. 1).
Accordingly, S, = 1 and S, = —1 states have the same quadtupole moments, but the
state S, = 0 has the different QJ5,2_,» from others. This is true for both fundamental
representations.

In a nutshell, SU(3) symmetry of a spin=1 atom implies that the atom can be found
in two inequivalent irreducible representations:D(1,0),and D(0,1). This suggests that
any atom of a single species, for example 3"Rb atom does exist in two types depending
on the fundamental representations of SU(3)mNote that this is the direct consequence
of the SU(3) symmetry of spin-1 atoms. As shown in Fig. 1 different types of atoms
are different by their electrigaquadrupolar mement (s3.2_,2, and as a consequence,
these atoms react to the electricifield gradient of an external field differently. This
basic clue could be used to expérimentally distinguish the types of atoms.

On the other hand, SU(2) symmetry has only one fundamental, irreducible
representation given by the generators §,, §, and §, (see eq. 1). Thus, all spin-1
atoms are of one type accordir% t01SU(2) symmetry. For instance, v; and 13 states
that correspond to s, = 1 stadte are treated as the same state according to the SU(2)
Ssymimetry.

3. SU(3) symmetric Hamiltonian of spin-1 BEC

In what follows, we consider mixture of the interacting spin-1 BEC with N; atoms in
the states D(l,0phand Ns atoms in the states D(0,1). It is worth pointing out that
these twoftypes of atoms are of a single species. Then, the free part of the Hamiltonian
of the spin-1 BEC s written as

; R . R . .
Hy = / <%V¢Z Vb + wlU(r)%) d*r
2m

2 A A ~ ~
s [ (3900 Vi, 4 50w ¢ @

where g (r) and @a(r) (a =1,2,3) are field operators of two types of atoms. Mass of
the atoms is denoted by m and U(r) is trap potential energy.
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3.1. Collisional interactions between atoms

There are three types of collisional interactions between condensed atoms namely (i)
collision between D(1,0) atoms (ii) collision between D(0, 1) atoms and (iii) collision
between D(1,0) and D(0,1) atoms. First, we consider the collisional interaction
between D(1,0) atoms. When two atoms of type D(1,0) collide, the state of the total
system can be D(2,0) and D(0, 1) since D(1,0) ® D(1,0) = D(2,0) ® D(0, 1). Using
Clebsch-Gordan coefficients it is easy to verify that the subspace D(2,0) ig'symmetrie
and D(0,1) is anti-symmetric under the permutation of two atoms.| Thus, the
representation D(0,1) is ruled out by symmetry consideration for bosens.  Therefore,
the collisional interaction potential energy H 1,0 can be expressed ag H 1,0 :‘512,0152,0
where pz,o is a projection operator that projects the state of two colliding atoms into
the space D(2,0) and Uz = 47rh2a270/m. Here as stands for theiscattering length
corresponding to D(2,0).

In order to write the interaction Hamiltonian in an apprépriate form, we consider
the quadratic Casimir operators which is denoted by §2 = Zle g7 Here we introduce
the new notation for the SU(3) generators as §1 = 34,/02 = Sy».03 = 32, G4 = Gy,
95 = Quzy §6 = Gyzy 97 = Qu2—y2, 8 = (3,2_,2. For twoyatoms, the Casimir operator
of total system is given by G2 = (g + g?)2 = (M2 + ()% + 281 - @ where
the mixed product term can be expanded as g(*) fg(®) =4 (1520 — 2f/3) with being

I the unit matrix. Hence, the interaction Hamiltonian is obtained as

A 1. R 2
Hl.,O = UQ_’O —g(l) -g(2) + /. (5)
4 3
Similarly, the interaction Hamiltoniamyfor D(0,1) atoms is
- 1¢ ~(2 2 £
Hy1=Upp2 <Zg(1) -g( N EI) ) (6)

where g is general notation for the,generators for D(0, 1) and Uo2 = 47Th2a0,2/m.

Next we consider the interaction, between the condensed atoms in the states
D(1,0) and D(0,1). Since D(1,0) ® D(0y1) = D(1,1) ® D(0,0) these atoms scatter
into D(1,1) and D(0,0) subquces and consequently interaction Hamiltonian Hopiy
can be written as

Hopi = UO,OPO,O+U1,1PI,17 (7)

where Uy g = 471'7120,070/7’)1 and U7 ; = 471'712a171/m.
Similar to IA{LO and I§l071, the Hamiltonian ﬁmix can be expressed in terms of
g . §(2). Especially, the use of the expressions Pyg + Py1 = I and g(!) . é(z) =
6P, 1 — 161/3yields Hyjx in the form of
3 Uoo+8U11: 1

Hygi i Z0mt o (U1 = o o) (@) - 7). (®)

Finallysatotal, interaction Hamiltonian Hipe may be written in the second quantized
form as

Hip = I’:Il,O + ﬁo,l + Hoix

_ / (Uo,o +8U11

a4 S A
9 ) wawa’wa’wa
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+ 2011 600 6 b+ 220G i,
“”wwlfbé&wwﬁ+2%2wwiiw

+?mJ—%m¢w,@£é%@w@P%. )

This Hamiltonian with the SU(3) symmetry of spin-1 atoms is the main result of the
current paper.

Furthermore, in the smgle mode approximation we take only k =0 Inode inthe
plane wave expansion wa = \/— Yk Qk 2T of the field operators where Ca 1S a spin
field operator. Taking the expression Ve = WC" into account and integrating over
whole space V, the Hamiltonian (9) may be written as

A 1 (Uyo+8Ui1\ eat = »
Hpy=— | ———— e ,c., .
t V( 9 )<a<a <a<

U . .
”@d<”<%@@+ “d@@g

U At af ~(2 ~ 2U AfAT &~ o
+i%<gwg%@@+ “cfgg
+ —(U1 1 — Uy, O)Clc_aféﬁ) 'éa/b/Cb/Cb- (10)

6V

Now, we follow Ref.[9] to identify the algebraic structure of the Hamiltonian and
obtain

1 . 1 JA
+ v <U0,0N1N2 + E(Ul"l —Uo,)G - g) (11)

where we define the following\ew notations as G = Zi\il i, G = Zi\il g; and
G = G + G. See Appendix Al for further details on the derivations of eq. (11)

3.2. Relationships detween SU(2) and SU(3) symmetric Hamiltonians

Interestlngly, al clear ‘xelationship between SU( ) symmetric Hamiltonian I—L 0 =
Us0Ps0 and SU(2) symmetric Hamiltonian HSU(Q) = UpPy + Uy Py [10, 22] exists.
For SU(2), the total spin F' that can have two values 0 and 2 is exploited to index the
irreducible representations. Thus, in the Hamiltonian ,HSU(Q), P, stands for projection
operator for 4 = F spinisubspaces, U; = 4nh%a;/m, i = {0,2} and q; is scattering
lengths.for 4 = F/irreducible representations. In particular, it is straightforward to
prove that thesubspace Pz,o for SU(3) is identical to the sum of subspaces PO and Pg
for\SU(2). This can be done using Clebsch-Gordan coefficients of SU(2) and SU(3)
groups:. Moreover, it implies that two subspaces Py and P, of SU (2) go to one big
subspace of SU(3). That could be the reason why we have almost the same numerical
values for the low-energy scattering lengths ao and as for the atoms 3"Rb and 23Na
[10, 144 15] except "Li [23, 24].
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In the case of SU(2), the eigenvalues of the Casimir operator 32 are determined
to be 0 and 6 as long as §2P) = 0Py and §2P, = 6P,. Therefore, small difference
between the scattering lengths ag and ag leads to big change in the ground state
of BEC (ferromagnetic or antiferromagnetic ground states). On the other handy
for D(2,0), the eigenvalue of the Casimir operator o, §? of SU(3) is given by
Zle G2Pyo = (40/3)Py and there is no other subspace with different eigenvalue.
Consequently, SU(3) symmetric Hamiltonian does not provide the different ground
state phases when we only consider the collisional interaction between the same type
of atoms.

But this is not the end of this story, the interaction Hamiltonian eq.(8)rcan
feature the various types of magnetic phases of the ground state. Detailsawill be given
in the next section.

4. Ground state structure

For the fixed number of atoms, those terms in eq. (11) which depend only on Ny
and Ny are constant operators. Therefore, it is sufficient to minimize the following
Hamiltonian

Hint:—’é-C:Jr—"/é-é IS

12V(U1 1 — Uod).- G. (12)

First of all, we consider the first term of eq. (12). For,NV; atoms in the state D(1,0), the
possible states can be obtained by expanding the product of D(1,0) representations
as a sum of irreducible representations:

D(1,0)® D(1,0) @ - ®B(1,0) = P a; Dy, (13)

where «; are some integers and D; stands for the irreducible representations. In
principle, atoms can be either one of the states D; however only totally-symmetric
states under permutations are allowed for bosons. In our case, totally-symmetric
allowed states belong to D(IVq;0),with/degeneracy (N1 + 1)(Ny +2)/2. This claim is
also true for the atoms im D(0,1) states. Particularly, the irreducible representation
D(0, N2) with degeneragy (Vo + 1)(Na2 + 2)/2 is the only possible case for D(0,1)
atoms.

For any state of D(N1,0), the expectation values of the Casimir operator G- -G
are given by

Nt

(G-G)= S5 M (14)
(see eq. (B:3)).. Similarly,
N 2 N2
(G-G) = + N2 (15)

forfany statéhof D(0, N2). Since the above expectation values are constant for the

corresponding representations, no minimization is required for the first two terms in
eq. (12).:Note that this is the manifestation of the SU(3) symmetry.

Next, when we consider all interactions in the system by taking all terms in

q. (11), the last term G -G does not require additional requirements due to symmetry

Page 6 of 12
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since there are two distinguishable atoms belonging to D(1,0) and D(0,1). Thus, the
ground state can be classified depending on the sign of Uy 1 — Upp i.e., ai1,1 — ao,0-

In particular, when a1 1 — ag,0 > 0 ground state is D(N1 — N, 0) if N1 > N and
D(0, N — Ny) if N1 < N3 (see Appendix B for details). The ground state energy is
obtained as

Uso Uo,2 Uo,o N1 N2
FEy = ——N; (N 1 —= N5 (Ny—1 _—
0=y M- D+ e (Ve = D+ =
Ui,1 — Uoo (N1 — Np)?
’ ’ N; — N- . 1
+ Dt (A28 4 v, -y (fb)

When N; = Nj, the ground state reduces to the singlet state D(0,0) and it-is-totally
antiferromagnetic because <Q . Q> = 0 for this state. However, when &Ny # N5 the
ground state is partially antiferromagnetic.

In the other case, when a1 1 — a0 < 0, ground state is D(N7, N2)(see Appendix
B for details) and its energy is found to be

Ugo U02 UO,0N1N2
E0—4VN1(N 1)+WN (N2—1)+T
U1 —U N2 4+ N{N, + N2
+ 1’13V 0’0( 1 13 2T N -I-Nz). (17)

Note that the order of degeneracy is (N7 + 1)(N2 & 1)(IN#¥+ N2 + 2)/2. This
ground state has maximum expectation value of'a Casimir operator calculated as
(G-G) = Ni+ Na+ (N? + N1 Ny + N3)/3 which implies férromagnetic ground state.

5. Spin mixing dynamics

In the spin-1 BEC, the spin degree of freedom'is completely released, and atoms can
freely move between internal spin states.“Particularly, the scattering of two atoms in
the states with spin componefits, +1 and —1 may result in the state with 0 net spin (an
atom in the state (3 scatters frompanother atom in the state (3 and after scattering
both atoms are in the states ¢3) and the other way around. This spin mixing process
was extensively studied [9, 25, 12, 15, 13,126, 27] with the use of SU(2) symmetry.

Here, we aim to studysthespin mixing dynamics by using the SU(3) symmetric
Hamiltonian (12). Theé first two terms are obviously Casimir operators of the
SU(3) and consequently, thése terms do not provide spin mixing. A much better
interpretation of ¢his claim could use conservation of the quadrupole moment. For
the simplicity, let us analyze only G - G term in eq. (11) for D(1,0) representation.
Then, for the scattering {¢y, (3} — {2, (2}, total quadrupole moment Q3,2 _,2 is equal
to 2/4/3 before the scattering and —4/+/3 after the scattering. This means the total
quadrupole moment is not conserved. For the D(0, 1), Q3,2_,2 is also not conserved.
Therefore, these kinds of scattering do not happen. However, the scattering of the
different gypes.of atoms {¢1, (1} — {Cg, (2} does conserve the quantity Qs.2_,2. Thus,
only the third term (U 1= Up0)G - G/12V in eq. (11) leads to spin mixing.

The spinnmixing dynamics are described by nine probability amplitudes denoted
by @;(t) (i =41,...,9}) that characterize a general spin-1 state of BEC within tensor
product space D(1,0) ® D(0,1). Then, total state of the system reads as

(1)) = a1]C1Cr) + az|C2Cr) + aslCsCr) + aslGia)
+ a5|C202) + as|C3C2) + arlCils) + as|C2(s)
+ ag|C3C)- (18)
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2
_g 0.6 F P = ]
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(U1=1 — Uo,o)t/12v

- 4
Figure 2. Coherent spin mixing dynamics of a spin-1 Bose-Einstein condensate.
Spin populations as a function of time (a) for atoms in the D(1,0) states and (b)
for atoms in the D(0, 1) states. Initial values are given by a1 = a3z = 2/v/28,
as = ag = 3/V28, a7 = ag = 1//28 andraz = a5 = ag = 0.

The probability amplitudes a;(t) satisfy, the following Gross-Pitaevskii equation

0T (t)) 1 A 4

h = — - GU(1)). 1

in? ) e (1 - UOO) - 1) (19)
Explicit form of this equation isstoo lengthy, and we do not present it here. However,
we are able to perform numerical calculation of eq. (19) and obtain time dynamics of

the following spin populations

Pi(t) =faa|* A lasf=+ |az |,

Ds(t) = Jaz|* + |as|* + |ag|*. (20)

Here, P; are populations in the states |¢;) and P; are populations in the states |¢;).
According tosthe resultshillustrated in Fig. (2), apparent spin mixing process exists
due to_collisional interactions between different types of atoms.

6. Scattering lengths

It is natural to arise the question how the a;; and ag scattering lengths relate to
well-known as and ag scattering lengths? The answer to this question is intriguing
and we present it below. As we discussed in Sec. (3), inelastic scattering of atoms of

Page 8 of 12
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different types is described by D(1,1) and D(0, 0) subspaces spanned by the following
states

(€
|C2) ® |2

)

2|<1> ® |§1> + |<2> ® |<_2> — |<3> ® |<_3>
] ¥ K
D(0,0) = { I¢1) ®|¢1) — |<2>\(§)§| 2) +|G) ® |<3>'

It is remarkable to see that the one-dimensional D(0,0) subspace ofiSU(3) is exactly
the same as F' = 0 subspace of SU(2) when the following changesrare made

(21)

G = 16D 1G) = [Ga)y 1Ga) = [ (22)
Indeed, F' = 0 subspace is written as 'S
= (162) ©165) ~ 162) ® Gt 6 @ (&) (23)

V3
using Clebsch-Gordon coefficients of SU(2). Therefore, the identical subspaces D(0,0)
of SU(3) and F' = 0 of SU(2) mean the same interaction potential energy of the
colliding atoms in these two cases{ andiconsequently, the numerical value of ag is
equal to the experimentally determinedwalue of the ag.

In the case of D(1,1) subspace, it corresponds to the direct sum of two SU(2)
subspaces namely, F' = 2 and ¥ = 1 when it transforms under eq. (22). However,
the SU(2) treatment needs to applysthe Pauli exclusion principle as long as the atoms
are indistinguishable. For this reason, # = 1 subspace must be suppressed and only
F = 2 subspace with dimension 5 is left. This discrepancy in the subspaces for SU(3)
and SU(2) complicates obtaining relationships between as and a1,1.

7. Conclusions

To conclude, we propese.two different types of spin-1 atoms which belong to two non-
equivalent fundamental représentations of the SU(3) Lie group, namely D(1,0) and
D(0,1). For instance, amatom of 3" Rb can be in either of D(1,0) and D(0,1) states.
When an atom is,in the states D(1,0), we call it type-1 and, in the other case, type-2.
Essentially; differentitypes of atoms interact with the electric field gradient in different
ways due to their different quadrupole moment @Q3,2_,2. This is the most intriguing
result of this paper.

Then, wereonsider the system composed of N; atoms in state D(1,0) and N
atoms in state D(0,1). In contrast to the single interaction term in the SU(2) theory
of BEC, there are three different kinds of interactions: (i) scattering between D(1,0)
atoms (ii)rscattering between D(0, 1) atoms and (iii) scattering between D(1,0) and
D(0, 1){atoms. Interactions between two different kinds of atoms depend on the dipole-
guadrupole moment (last term in eq. (12)) and it leads to two different regimes of
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ground state: either antiferromagnetic or ferromagnetic ground states depending on
the magnitude of the coefficients ag,o and a;,1. For the interactions between the same
types of atoms, the interaction terms in the Hamiltonian do not depend on the‘dipole-
quadrupole moments.

We also discover that the scattering length ag is equal to the experimentally
measured value of ag but not to the theoretically calculated value. The reason for the
latter is the current theoretical calculation of ag usually ignore the electric quadrupolar
interaction, that is, a crucial element of SU(3).

Furthermore, spin mixing dynamics are studied by using SU(3) symmetric
Hamiltonian. It shows the well-behaved pattern of spin mixing, that is, dueto.oenly
the interaction between different types of atoms. This claim is also Verlﬁe\by the
conservation law of the net quadrupole moments of atoms.
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Appendix A.
L

For the sake of clarity, we treat each term of eq. (10) one by one. The spin-independent
terms can be re-expressed as

élgl/éa’ga = Nl (Nl - 1)7
afat o2 o ~ ~
Ca<a’<a’<a = NQ(NQ = 1)7

JUIRS BEPSEN " o~
{CarCara = N1y, (A1)
~ AL A AL A ~ ~ ~ ~F a a2t a 2T A
where Ny = (¢ + (o + 6y and Ny =¢,¢; + CoCo + ¢_,¢_; are the number
operators and we use the bosoni¢’commutation relations [éa, Qj/] = dga’, [Z‘a, &_a/] = aa/

~ 2t
and [(4,C,/] = 0. For the spin-dependent terms, we have

CTCT A(l) (2)h Cb
—gi? &), Clact o — 8ty gfﬁz/@é Gy
Ao @) 5(2) 2t 2 A2
< b Cb <a/ga/b/Cb’ gab gbb/C Cpr- ( . )

The first term indRHS of the.above equation is recognized as a tensor product, and as
a consequence, it gives G- G. In the second term, g( ) gl(j,) is a Casimir operator and
it is equal t0(16/3)d4p for the considered representation D(1,0). Then, eq. (A.2)
becomes

16 -

érdl gt A(l) /b/Cb/Cb G .G 31\]1 (A.3)
Similarly, for therepresentation D(0, 1), it turns out to be
T A1) = 2) 2 A 2 16 ~
Gl 80 GG =G G- I (A4)
In order toTewrite the last term in eq. (10), we consider the sum of two generators

gac and ga/d as defined
gaa’,cd = gacéa’d + éa/déac' (A5)
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> With the use of the following useful relation
6 . . A
7 gaa’,cd : gcd,bb’ = 2gabga/b/ + gacgcb(sa’b’
8 + 8araBap Vb (A%6)
?O we rewrite the last term as follows
11 Gl gab  Bay o
12 1 5 A % PPN 7 At 2 2 =
. =5 (99 — NoCi8uc8erts — Ml Buraar )
14 1/, 5 «~ « [16 A« |16
15 —§<Q'Q—N2N1 |:?]_N1N2 {?}) ~
16 1. » 16 ~ -~
17 = ig'g— ?NlNQ- (A7)
12 By substituting egs. (A.1), (A.3), (A.4) and (A.7) into eq. (10) we get theydesired eq.
20 (11).
21
22 Appendix B.
;Z The spin space of N7 atoms of type-1 and N> atoms of\type-2 is described by the
25 tensor product D(N1,0) ® D(0, N3). This product space can Pe expanded as a sum
2% of irreducible representations. The explicit,form of this expansion is given by
27 D(N1,0)®D(O,N2):D(Nl,Nz)@D(Nl—l,NQ—l)
28 ®D(Ny —2,Ny —2) @ --- B D(Ny= N»,0) (B.1)
29
30 if N1 Z N2 and
31 D(N1,0) ® D(0, N3) = D(Ny, Na)® D(N; —1,N; — 1)
3; ® D(Ny — 24N> —2) @ - - - @D (0, Ny — Ny) (B.2)
3

if N3 < Ny. With the use of quadratic Casimir operator formula for the representation
34 .
35 D(p, q) given by
36 R R 2 2 .
o G-G_4(I’—\“;1J+p+q>l (B.3)
228) we find that D(N1 — N3,0)dr D(0, No — Ny) states yield the minimum expectation
40 values of (G-G) depending onwhich type of atoms are greater. Equivalently, D(Ny, Na)
41 representation gives the maximum expectation values of (G - G) no matter which one
49 of N7 and Ns is greater.
43 To obtain/the ground state energy, we need to find the expectation value of
42 eq. (11). Using eq. (B.3), (14) and (15), we find the energy of ground states as given
45 by eq. (16 )-and (17).
46
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